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Abstract. In this paper we study certain integrability properties of the
supersymmetric sine-Gordon equation. We construct Lax pairs with their zero-
curvature representations which are equivalent to the supersymmetric sine-Gordon
equation. From the fermionic linear spectral problem, we derive coupled sets of
super Riccati equations and the auto-Ba¨cklund transformation of the supersymmetric
sine-Gordon equation. In addition, a detailed description of the associated
Darboux transformation is presented and non-trivial super multisoliton solutions are
constructed. These integrability properties allow us to provide new explicit geometric
characterizations of the bosonic supersymmetric version of the Sym-Tafel formula for
the immersion of surfaces in a Lie superalgebra. These characterizations are expressed
only in terms of the independent bosonic and fermionic variables.
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1. Introduction
Over the past four decades, supersymmetric (SUSY) integrable models have generated
a great deal of interest in the literature of mathematical physics (see e.g. [1–12]
and references therein). Their special properties, such as the existence of a linear
spectral problem (LSP), the Ba¨cklund and Darboux transformations and infinite sets
of conserved currents, have allowed the construction of analytical supersoliton solutions
(e.g. [2,13–18]). Some of these integrability properties have been investigated for the case
of the SUSY sine-Gordon equation, see e.g. [2, 15–17, 19–24]. The approach proposed
in this paper goes deeper into certain integrability properties of the SUSY sine-Gordon
equation than [17,24], especially the Darboux transformation of the SUSY sine-Gordon
equation, which will later enable us to obtain new results for the bosonic SUSY version
of the Sym-Tafel formula for the immersion of surfaces in Lie superalgebras. One should
note that n-order Darboux transformations were investigated in [15, 16] using Pfaffian
solutions. The associated linear system uses 2 × 2 matrices which are more compact
than our 3×3 potential supermatrices. However, the linear system used in these articles
is not convenient for the bosonic SUSY version of the Sym–Tafel immersion formula
since this system uses differential matrix operators instead of supermatrices, as used
in our approach. In this paper, we discuss the links between different integrability
properties associated with the SUSY sine-Gordon equation. Furthermore, we provide
explicit solutions for the SUSY sine-Gordon equation and its LSP which allow us to
investigate examples of the bosonic SUSY version of the Sym-Tafel immersion formula
through their geometric characterization.
This paper is organized as follows. In section 2, we present some of the integrability
properties of the SUSY sine-Gordon equation. We derive a fermionic LSP and we link it
to different integrability properties, such as a bosonic version of the LSP, equivalent
coupled sets of super Riccati equations and the auto-Ba¨cklund transformations of
the SUSY sine-Gordon equation. Moreover, we provide a detailed description of the
Darboux transformations associated with the SUSY sine-Gordon equation. In section
3, we investigate two examples of the bosonic SUSY version of the Sym-Tafel formula
for immersion associated with the SUSY sine-Gordon equation. These examples are
obtained using the first iteration of the Darboux transformation and are exclusively
written in terms of the bosonic and fermionic independent variables. A characterization
of the geometry of each surface is provided.
2. Integrability aspects of the supersymmetric sine-Gordon equation
Throughout this paper, we follow the notation introduced in Section 3 of the paper [25].
A more detailed presentation of the theory of Grassmann algebras can be found in the
books [26–29] and references therein. In what follows we do not use the implicit notation
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for the fermionic derivatives of a (m|n)-supermatrix M [26], e.g.
∂θM =
(
∂θA ∂θB
−∂θC −∂θD
)
.
Instead, we introduce a matrix E such that
E∂θM =
(
∂θA ∂θB
−∂θC −∂θD
)
, E =
(
Im 0
0 −In
)
,
where the square submatrices Im and In represent the identity matrices of dimension m
and n, respectively. The chain rule is assumed to be
d
dv
f(u) =
df
du
du
dv
.
According to [30], the SUSY sine-Gordon equation (SSGE),
D+D−s = i sin s, (1)
is considered for a bosonic superfield s = s(θ+, θ−, x+, x−) with the covariant derivatives
D± =
∂
∂θ±
− iθ± ∂
∂x±
, (2)
where θ± are fermonic independent variables and x± are bosonic light-cone coordinates.
The fermionic derivatives D± have the properties
D2± = −i∂x± , {D+, D−} = 0, (3)
where {·, ·} stands for the anticommutator. The SSGE (1) can be obtained through the
super Euler-Lagrange equation,
∂
∂s
L+D+
(
∂
∂(D+s)
L
)
+D−
(
∂
∂(D−s)
L
)
= 0, (4)
with the Lagrangian density
L = cos s− i
2
D+sD−s. (5)
The SSGE (1) is known to be integrable in the sense of soliton theory [2,17,19–21,
24]. One can provide an infinite set of locally conserved quantities and a LSP under the
form of a differential linear matrix representation. One way to obtain a linearization of
the SSGE (1) is to consider the following problem for the wavefunction Φ:
D+Φ = (J eis +Ke−is)Φ, D−Φ = (MD−s+N )Φ, (6)
where J ,K,M,N are complex-valued matrices and then take the compatibility
conditions of Φ to be equivalent to the SSGE (1). The resulting algebraic constraints
are
iJ = [M,J ], iK = [K,M], {J ,N} = −{K,N}, 1
2
M = {K,N}. (7)
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One solution to these constraints, which takes its values in the sl(3,C) Lie algebra, is
J = 1
2

 0 0 i0 0 0
0 1 0

 , K = 12

 0 0 00 0 −i
−1 0 0

 ,
M =

 i 0 00 −i 0
0 0 0

 , N =

 0 0 −i0 0 i
−1 1 0

 .
(8)
To introduce the spectral parameter λ in equations (6), as proposed in [31], we apply
the Lie point symmetry transformation of the SSGE (1),
x˜+ = λx+, x˜− = λ−1x−, θ˜+ = λ1/2θ+, θ˜− = λ−1/2θ−, λ = ±eµ, (9)
to the linear system, where µ is any bosonic constant in the Grassmann algebra.
One should note that this scaling transformation does not leave the linear system (6)
invariant. Hence, the LSP of the SSGE (1) takes the form
D±Φ(λ, s) = U±(λ, s)Φ(λ, s) (10)
where λ is the bosonic spectral parameter and U± are fermionic supermatrices taking
values in the sl(2|1,G) superalgebra, given by [17]
U+ =
1
2
√
λ

 0 0 ie
is
0 0 −ie−is
−e−is eis 0

 , U− =

 iD−s 0 −i
√
λ
0 −iD−s i
√
λ
−√λ √λ 0

 . (11)
The wavefunction Φ is a (2|1)-supervector
Φ =

 ψφ
χ

 , (−1)deg(ψ) = (−1)deg(φ) = (−1)deg(χ)+1, (12)
such that either ψ, φ are bosonic superfields and χ is a fermionic superfield, or ψ, φ are
fermionic superfields and χ is a bosonic superfield.
The LSP can also be defined using an invertible wavefunction Ψ in the GL(2|1,G)
supergroup,
D±Ψ(λ, s) = U±(λ, s)Ψ(λ, s). (13)
The compatibility condition of both LSPs (10) and (13), i.e.
D+U− +D−U+ − {EU+, EU−} = 0, E =

 1 0 00 1 0
0 0 −1

 , (14)
are equivalent to the SSGE (1).
Moreover, a LSP can be described using the light-cone coordinate derivatives ∂x±.
From the property (3), we write the bosonic version of the LSP exclusively in terms
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of the wavefunction Ψ and the potential matrices U± from the fermionic version of the
LSP, i.e.
∂x±Ψ = i(D±U± − (EU±)2)Ψ = V±Ψ, (15)
where the bosonic supermatrices V± take the forms
V+ =
1
2


1
2λ
−1
2λ
e2is −i√
λ
eisD+s
−1
2λ
e−2is 1
2λ
−i√
λ
e−isD+s
−1√
λ
e−isD+s −1√λe
isD+s
1
λ

 ∈ sl(2|1,G),
V− =

 i∂x−s− λ λ −i
√
λD−s
λ −i∂x−s− λ −i
√
λD−s√
λD−s
√
λD−s −2λ

 ∈ sl(2|1,G).
(16)
The compatibility conditions of the LSP (15) correspond to the “classical” version of
the zero-curvature conditions, i.e.
∂x+V− − ∂x−V+ + [V−, V+] = 0, (17)
which is satisfied whenever the SSGE (1) is satisfied.
To obtain coupled sets of super Riccati equations [20,24], we consider the quantities
p =
φ
ψ
, q =
χ
ψ
, (18)
where we take ψ, φ to be bosonic superfields and χ to be a fermionic superfield. By
differentiating them, we get
D+p =
−i
2
√
λ
e−isq − i
2
√
λ
eispq,
D−p = −2i(D−s)p+ i
√
λ(1 + p)q,
(19)
together with
D+q =
−1
2
√
λ
e−is + 1
2
√
λ
eisp,
D−q =
√
λ(p− 1)− i(D−s)q,
(20)
from which one can obtain an infinite set of locally conserved currents [20]. The
compatibility conditions of both sets of equations are satisfied whenever s is a solution
of the SSGE (1). Moreover, by setting
p→ e−i(s+s˜), q → fe− i2 (s+s˜), (21)
where f is a fermionic superfield, we obtain the auto-Ba¨cklund transformations of the
SSGE [22, 24]
D+(s+ s˜) =
f√
λ
cos
(
s−s˜
2
)
,
D−(s− s˜) = 2
√
λf cos
(
s+s˜
2
)
,
D+f =
i√
λ
sin
(
s−s˜
2
)
,
D−f = −2i
√
λ sin
(
s+s˜
2
)
.
(22)
The compatibility conditions of these equations are satisfied whenever s and s˜ are
solutions of the SSGE (1). One should note that the auto-Ba¨cklund transformation
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(22) of the SSGE requires an additional fermionic function f due to the oddness of the
derivatives D±.
It is possible to construct n soliton solutions of the SSGE (1) from the Darboux
transformation using one (trivial) solution of the SSGE together with n solutions of the
associated LSP (10) for n fixed spectral parameters λj , j = 0, 1, ..., n − 1. One should
note that Darboux transformations do not ensure that the newly constructed solutions
are linearly independent of the previously constructed solutions. The first iteration of the
Darboux transformation for the SSGE (1) [15–17] (similarly to the classical case [32,33])
is given by
s[1] = s− i ln
(
ψ0
φ0
)
, (23)
Φj [1] =

 ψj [1]φj[1]
χj [1]

 =


−λ0 φ0ψ0 λj −i
√
λ0λj
χ0
ψ0
λj −λ0 ψ0φ0 −i
√
λ0λj
χ0
φ0√
λ0λj
χ0
ψ0
√
λ0λj
χ0
φ0
−(λ0 + λj)



 ψjφj
χj

 , (24)
where s is a solution of the SSGE (1), ψj , φj are bosonic solutions and χj is a fermionic
solution of the LSP (10) for the solution s and the fixed spectral parameter λ = λj. The
new solution Φj [1] of the LSP is given for the system
D±Φj [1] = A±(λj, s[1])Φj [1]. j = 1, 2, 3, ... (25)
One should note that the solution of the LSP (25) with the fixed parameter λ0 has
been used in order to construct the new solution. The index j = 0 for the first (or
higher) iteration transformation correspond to the trivial solution Φ = 0. Therefore,
the solution for the LSP with λ = λ0 cannot be used to obtain other new solutions.
In order to construct a higher iteration solution of the SSGE (1), we must “drop”
other solutions of the LSP associated with s and λj for the lowest indices j. As an
example, let us say that we know a solution s of the SSGE and three solutions Φ0, Φ1
and Φ2 of the LSP associated with the fixed-valued spectral parameters λ0, λ1 and λ2,
respectively. Hence, from Φ1 and Φ2, and dropping Φ0, we get respectively Φ1[1] and
Φ2[1]. To iterate once more, we can drop Φ1[1] to obtain Φ2[2]. Moreover, from Φ0, Φ1[1]
and Φ2[2], we can construct three new solutions s[1], s[2] and s[3], respectively. The
procedure can be applied n times using n fixed solutions of the LSP and the associated
solution of the SSGE (1) as described in Figure 1.
The second Darboux Transformation of the a solution s of the SSGE (1) is given
by
s[2] = s− i ln
[
λ0φ0ψ1 − λ1φ1ψ0 + i
√
λ0λ1χ0χ1
λ0φ1ψ0 − λ1φ0ψ1 + i
√
λ0λ1χ0χ1
]
. (26)
By repeating the Darboux transformation n times (n > 2), we obtain by induction
the solution s[n] which takes the form
s[n] = s− i ln
[∑(n+1)/2
m=0 (i)
mP (λkj ;λkν )∆
1
kj
Xkν
∑(n+1)/2
m=0 (i)
mP (λkj ;λkν )∆
2
kj
Xkν
]
, when n is odd,
s[n] = s− i ln
[∑n/2
m=0(i)
mP (λkj ;λkν )∆
1
kj
Xkν+
∑n/2−1
m=1 P (λkj ;λkν )
(−1)m
m!
XkjXkν
∑n/2
m=0(i)
mP (λkj ;λkν )∆
2
kj
Xkν+
∑n/2−1
m=1 P (λkj ;λkν )
(−1)m
m!
XkjXkν
]
, when n is even,
(27)
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Φn . . . Φ0 s
❄
✑
✑
✑
✑✰
◗
◗
◗
◗s ❄
Φn[1] . . . Φ1[1] s[1]
❄
✑
✑
✑
✑✰
◗
◗
◗
◗s ❄
Φn[2] . . . Φ2[2] s[2]
...
...
...
Φn[n− 2] . . . Φn−2[n− 2] s[n− 2]
❄
✑
✑
✑
✑✰
◗
◗
◗
◗s ❄
Φn[n− 1] Φn−1[n− 1] s[n− 1]
❅
❅
❅❘
✑
✑
✑✑✰
◗
◗
◗◗s
 
 
 ✠
Φn[n] s[n]
❅
❅
❅❘
 
 
 ✠
s[n+ 1]
Figure 1. Diagram describing how to obtain the (n + 1)-iterated solution generated
by Darboux transformations using one solution s of the SSGE (1) and n+ 1 solutions
Φj of the LSP (10) associated with the solution s for the fixed spectral parameters λj ,
j = 0, 1, ..., n.
where kj represents the set of n − 2m ordered indices and kν represents the set of 2m
ordered indices not in kj. The quantities ∆
i
abc..., Xabc... and P (λa, λb, ...;λc, λd...) are
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given by
∆1abc... = det


...
...
...
λ2aψa λ
2
bψb λ
2
cψc · · ·
λaφa λbφb λcφc · · ·
ψa ψb ψc · · ·

 ,
∆2abc... = det


...
...
...
λ2aφa λ
2
bφb λ
2
cφc · · ·
λaψa λbψb λcψc · · ·
φa φb φc · · ·

 ,
Xabcd... =
√
λaλbλcλd...χaχbχcχd...,
P (λa, λb, ...;λc, λd...) = (−1)n+α(λa + λc)(λa + λd)...(λb + λc)(λb + λd)...,
(28)
where P (... ; ...) has the following definition when it has no argument λk on one side or
the other of the semicolon
P (λkj ; ∅) = 1 = P (∅;λkν), (29)
and α is the binary function
α =


0
if ab...cd... are equivalent to an even number
of cyclic permutations of the ordered indices,
1
if ab...cd... are equivalent to an odd number
of cyclic permutations of the ordered indices.
(30)
In addition, we define ∆∅ = 0.
As examples, we provide the first four Darboux transformations of a known solution
s of the SSGE (1):
s[1] = s− i ln
(
∆10
∆20
)
,
s[2] = s− i ln
(
∆101 + iX01
∆201 + iX01
)
,
s[3] = s− i ln
(
∆1012 + iP (λ0;λ1, λ2)∆
1
0X12 + iP (λ2;λ0, λ1)∆
1
2X01 + iP (λ1;λ0, λ2)∆
1
1X02
∆2012 + iP (λ0;λ1, λ2)∆
2
0X12 + iP (λ2;λ0, λ1)∆
2
2X01 + iP (λ1;λ0, λ2)∆
2
1X02
)
,
s[4] = s− i ln [(∆10123 + iP (λ0, λ3;λ1, λ2)∆103X12 + iP (λ0, λ2;λ1, λ3)∆102X13
+iP (λ0, λ1;λ2, λ3)∆
1
01X23 + iP (λ1, λ3;λ0, λ2)∆
1
13X02 + iP (λ1, λ2;λ0, λ3)∆
1
12X03
+iP (λ2, λ3;λ0, λ1)∆
1
23X01 −(P (λ0, λ1;λ2, λ3) + P (λ0, λ2;λ1, λ3) + P (λ0, λ3;λ1, λ2))X0123)
/ (∆20123 + iP (λ0, λ3;λ1, λ2)∆
2
03X12 + iP (λ0, λ2;λ1, λ3)∆
2
02X13
+iP (λ0, λ1;λ2, λ3)∆
2
01X23 + iP (λ1, λ3;λ0, λ2)∆
2
13X02 + iP (λ1, λ2;λ0, λ3)∆
2
12X03
+iP (λ2, λ3;λ0, λ1)∆
2
23X01 −(P (λ0, λ1;λ2, λ3) + P (λ0, λ2;λ1, λ3) + P (λ0, λ3;λ1, λ2))X0123)] .
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3. Explicit solutions used for the bosonic supersymmetric Sym-Tafel
formula for immersion
By considering the trivial solution of the SSGE (1),
s = 2kπ, k ∈ Z (31)
the solution Φ of the LSP for any invertible value of λj ∈ G is given by

 ψjφj
χj

 =


cj +
(
−bj
2
√
λj
− iaj
2
√
λj
θ+ + i
√
λjajθ
− + ibj
2
√
λj
θ+θ−
)
eηj
cj −
(
−bj
2
√
λj
− iaj
2
√
λj
θ+ + i
√
λjajθ
− + ibj
2
√
λj
θ+θ−
)
eηj
(
aj +
bj
2λj
θ+ − bjθ− + iajθ+θ−
)
eηj


, (32)
for j=0,1,2,... , where
ηj =
x+
2λj
− 2λjx− (33)
is a bosonic linear function of x+ and x−, aj is an arbitrary fermionic constant and bj , cj
are arbitrary bosonic constants. Since the solution (32) satisfies the LSP (10) for any
value of λj , it is possible to compute a high number of solutions using the Darboux
transformations from equation (27).
In the further examples, we will only consider two non-trivial solutions using the
first iteration of the Darboux transformations for the geometric characterization of the
bosonic SUSY version of the Sym-Tafel formula for immersion.
According to [25], we now present the bosonic SUSY Sym-Tafel formula for the
immersion of solitonic surfaces in Lie superalgebras.
Proposition 1 Let us assume that there exists a LSP of the form (13) associated with
a SUSY integrable systems of partial differential equations Ω = 0, where the fermionic
potential matrices U± take values in the gl(m|n) Lie superalgebra and the wavefunction
Ψ takes value in the GL(m|n) Lie supergroup. Consider the bosonic infinitesimal
deformations
U˜± = U± + ǫβ(λ)∂λU± ∈ gl(m|n), Ψ˜ = Ψ(I + ǫF ) ∈ GL(m|n), (34)
that preserve both the LSP (13) and the zero-curvature condition (14) for an arbitrary
bosonic function β(λ) of λ, where ∂λ is the derivative with respect to λ and ǫ is a
bosonic infinitesimal parameter whose quadratic terms are neglected. Then, there exists
an immersion bosonic supermatrix F given by
F = β(λ)Ψ−1∂λΨ ∈ gl(m|n) (35)
which defines a two-dimensional surface in a Lie superalgebra whenever its tangent
vectors
ED±F = β(λ)Ψ−1E∂λU±Ψ, E =
(
Im 0
0 −In
)
, (36)
On integrability aspects of the SUSY sine-Gordon equation 10
are linearly independent, where Im and In are the identity matrices of dimension m and
n, respectively.
Using the super Killing form defined by the supertrace,
〈A,B〉 = 1
2
str(AB) =
1
2
tr(Edeg(AB)+1AB), (37)
we obtain that the metric coefficients are given by the relations [25]
gii = 〈β(λ)E∂λU±, β(λ)∂λU±〉, g12 = −g21 = 〈β(λ)E∂λU+, β(λ)E∂λU−〉 (38)
where i = 1, 2 and 1, 2 stand for +,− respectively, such that the first fundamental form
is given by
I = (d+)
2g11 + 2d+d−g12 + (d−)2g22. (39)
According to [34], the fermionic differential forms d± anticommute with each other,
{d+, d−} = 0, (40)
and represent the infinitesimal displacement in the direction of D±. The discriminant
g of the metric is given by
g = g11g22 − g12g21 = g11g22 + (g12)2. (41)
The unit normal vector N satisfies the relations
〈N,N〉 = 1, 〈ED±F,N〉 = 0. (42)
The vector N can be written only in terms of the tangent vectors,
N =
{ED+F,ED−F}
〈{ED+F,ED−F}, {ED+F,ED−F}〉1/2 , (43)
assuming that the norm,
‖{ED+F,ED−F}‖ = 〈{ED+F,ED−F}, {ED+F,ED−F}〉1/2, (44)
is invertible. The coefficients of the second fundamental form are given by
bij = 〈DjDiF,N〉 = 〈β(λ)Dj∂λUi − {β(λ)E∂λUi, EUj},ΨNΨ−1〉, (45)
where i, j = 1, 2. The indices 1, 2 stand for +,− respectively. The second fundamental
form is
II = (d+)
2b11 + 2d+d−b12 + (d−)2b22. (46)
The Gaussian and mean curvatures are written respectively as
K =
b11b22 + (b12)
2
g11g22 + (g12)2
, H =
b11g22 + b22g11 + 2b12g12
2(g11g22 + (g12)2)
. (47)
A first solution s1[1] of the SSGE (1) is constructed using the first Darboux
transformation (23) for the solutions (31) and (32), where the constant b0 is sent to
zero. The solution s1[1] takes the form
s1[1] = 2kπ − i ln
(
1− ia0e
η0
c0
√
λ0
θ+ +
2i
√
λ0
c0
a0e
η0θ−
)
. (48)
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The associated solution Φ1 of the LSP for λ = λ1 is obtained from the 1-Darboux
transformations (24),
ψ1[1] =
[
(λ1 − λ0)c1 − ic0
√
λ0λ1a0a1e
η0+η1
]
+
[
i
2
√
λ1
(λ1 + λ0)a1e
η1 − i√λ0 c1c0a0eη0
]
θ+
+
[
−i√λ1(λ1 + λ0)a1eη1 + 2iλ3/20 c1c0a0eη0
]
θ− +
[√
λ0
λ1
(λ1 + λ0)
a0a1
c0
eη0+η1
]
θ+θ−,
φ1[1] =
[
(λ1 − λ0)c1 − ic0
√
λ0λ1a0a1e
η0+η1
]
+
[
−i
2
√
λ1
(λ1 + λ0)a1e
η1 + i
√
λ0
c1
c0
a0e
η0
]
θ+
+
[
i
√
λ1(λ1 + λ0)a1e
η1 − 2iλ3/20 c1c0a0eη0
]
θ− +
[√
λ0
λ1
(λ1 + λ0)
a0a1
c0
eη0+η1
]
θ+θ−,
χ1[1] =
[
−(λ0 + λ1)a1eη1 + 2
√
λ0λ1
c1
c0
a0e
η0
]
(1 + iθ+θ−).
(49)
The associated pseudo-Riemannian geometry taken from the bosonic SUSY version of
the Sym-Tafel immersion formula gives the following coefficients for the metric
g11 =
−i
2λ
, g12 = −g21 = −i, g22 = 2iλ, (50)
where the arbitrary function β(λ) is taken to be β = 2λ. The coefficients bij of the
second fundamental form are given by
b11 = b22 = 0, b12 = −b21 = a0
c0
eη0
( −1√
λ0
θ+ + 2
√
λ0θ
−
)
. (51)
The Gaussian curvature K = 1 implies that the surface can be classified as a constant
positive Gaussian curvature one, which would implies that it would be a sphere in
comparison with the classical geometry. However, the mean curvature cannot be
computed since the discriminant g = g11g22 − g12g21 vanishes.
A second 1-Darboux transformation solution s2[1] is considered using the constraint
a0 = 0 on solution (31) and (32), which leads to the particular solution
s2[1] = 2kπ − i ln
[(
c0 +
b0
2
√
λ0
eη0
)−1 (
c0 − b02√λ0 eη0
)
+2c0
(
c0 +
b0
2
√
λ0
eη0
)−2
ib0
2
√
λ0
eη0θ+θ−
]
.
(52)
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The associated solution Φ2 of the LSP for λ = λ1 is given by
ψ1[1] =
[
λ1c1 +
√
λ1b1
2
eη1 − λ0
(
c0 +
b0
2
√
λ0
eη0
)(
c1 − b12√λ1 eη1
)(
c0 − b02√λ0 eη0
)−1]
+
[(
c1 − b12√λ1 eη1
)(
c0 − b02√λ0 eη0
)−1
i
√
λ0b0
2
eη0
−λ0
(
c0 +
b0
2
√
λ0
eη0
)(
c0 − b02√λ0 eη0
)−1
ib1
2
√
λ1
+ −i
√
λ1b1
2
eη1
+
(
c0 +
b0
2
√
λ0
eη0
)(
c1 − b12√λ1 eη1
)(
c0 − b02√λ0 eη0
)−2
ib0
√
λ0
2
eη0
]
θ+θ−,
φ1[1] =
[
λ1c1 −
√
λ1b1
2
eη1 − λ0
(
c0 − b02√λ0 eη0
)(
c1 +
b1
2
√
λ1
eη1
)(
c0 +
b0
2
√
λ0
eη0
)−1]
+
[
λ0
(
c0 − b02√λ0 eη0
)(
c0 − b02√λ0 eη0
)−1
ib1
2
√
λ1
eη1
−
(
c1 +
b1
2
√
λ1
eη1
)(
c0 +
b0
2
√
λ0
eη0
)−1
i
√
λ0b0
2
eη0 + i
√
λ1b1
2
eη1
−
(
c0 − b02√λ0 eη0
)(
c1 +
b1
2
√
λ1
eη1
)(
c0 +
b0
2
√
λ0
eη0
)−2
i
√
λ0b0
2
eη0
]
θ+θ−,
χ1[1] =
[
−(λ0 + λ1) b12λ1 eη1 +
√
λ1
λ0
b0e
η0
(
c20 − b
2
0
4λ0
e2η0
)−1 (
c0c1 − b0b14√λ0λ1 eη0+η1
)]
θ+
+
[
(λ0 + λ1)b1e
η1 − 2√λ0λ1b0eη0
(
c20 − b
2
0
4λ0
e2η0
)−1 (
c0c1 − b0b14√λ0λ1 eη0+η1
)]
θ−.
(53)
The first fundamental form’s coefficients gij for the associated pseudo-Riemannian
geometry of the bosonic SUSY version of the Sym-Tafel immersion formula with
β(λ) = 2λ are given by
g11 =
−i
2λ
g22 = 2iλ
g12 = −g21 = −i cos(s2[1])
= −i
(
c20 − b
2
0
4λ0
e2η0
)−1 (
c20 +
b20
4λ0
e2η0
)
− 2
(
c20 − b
2
0
4λ0
2η0
)−2
c20b
2
0
λ0
eη0θ+θ−
(54)
and the coefficients bij of the second fundamental form are
b11 = b22 = 0,
b12 = −b21 = sin(s2[1])
= i
(
c20 − b
2
0
4λ0
e2η0
)−1
c0b0√
λ0
eη0 +
(
c20 − b
2
0
4λ0
e2η0
)−2 (
c20 +
b20
4λ0
e2η0
)
c0b0√
λ0
eη0 .
(55)
Both discriminants g = g11g22 − g12g21 and b = b11b22 − b12b21 are equal to
sin2(s2[1]) = −
(
c20 − b
2
0
4λ0
e2η0
)−2
c20b
2
0
λ0
e2η0
+2i
(
c20 − b
2
0
4λ0
e2η0
)−3 (
c20 +
b20
4λ0
e2η0
)
c20b
2
0
λ0
e2η0θ+θ−.
(56)
The Gaussian curvature K is equal to 1 and the mean curvature takes the non-trivial
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form
H = −i cot(s2[1]),
= −
√
λ0
c0b0
e−η0
(
c20 − b
2
0
4λ0
e2η0
)
− 2
(
c20 − b
2
0
4λ0
e2η0
)−1
c0b0√
λ0
eη0θ+θ−
+
(
c20 − b
2
0
4λ0
e2η0
)−1 (
c20 +
b20
4λ0
e2η0
)2 √
λ0
c0b0
e−η0θ+θ−,
(57)
in terms of the bosonic quantities λ0, x+, x− and θ+θ−. By considering the case where
b0 = 2
√
λ0c0, we obtain that the body part of the mean curvature is simply given by
Hb = sinh η0. (58)
4. Conclusions
In this paper, we study the links between some of the integrability properties associated
with the SSGE. First, we derive fermionic potential supermatrices in sl(2|1,G) which
provide a LSP whose zero-curvature condition corresponds to the SSGE. Using this LSP,
we construct an equivalent LSP in terms of bosonic derivatives instead of fermionic
derivatives, which require that the potential matrices be bosonic supermatrices in
sl(2|1,G). Moreover, we provide links between the fermionic LSP, coupled sets of super
Riccati equations whose compatibility condition is equivalent to the SSGE, and the
associated auto-Ba¨cklund transformation. Furthermore, we provide a comprehensive
description of the Darboux transformation associated with the SSGE. This Darboux
transformation allows us to provide non-trivial multisoliton solutions of the SSGE.
The bosonic SUSY version of the Sym-Tafel formula for immersion is investigated
through examples for the SSGE. Using 1-Darboux transformation solutions, we are able
to compute two new examples of geometric characterizations of the associated surfaces
immersed in the Lie superalgebra gl(2|1,G) exclusively in terms of the fermionic and
bosonic independent variables. These two surfaces are linked with spheres in analogy
with the classical differential geometry since they have a positive constant Gaussian
curvature, K = 1.
The subjects addressed in this paper can be extended in many directions. Among
them, we can study other SUSY integrable systems based on their integrability
properties and evaluate some examples of immersed surfaces in Lie superalgebras.
Moreover, it would be interesting to find an invertible wavefunction Ψ so that we
could explicitly compute the deformed surfaces F , which are written in terms of the
wavefunction Ψ. From these surfaces, it should be possible to graphically show the
shape of the surfaces and see how their characteristics, such as the metric and curvatures,
manifest themselves.
Acknowledgements
SB has been partially supported by a doctoral fellowship provided by the FQRNT of
the Gouvernement du Que´bec. SB wishes to thank Professor AM Grundland (Centre
On integrability aspects of the SUSY sine-Gordon equation 14
de Recherches Mathe´matiques, Universite´ de Montre´al) for his useful discussions and
support.
References
[1] Andreev V A and Burova M V 1990 Lower Korteweg–de Vries equations and supersymmetric
structure of the sine-Gordon and Liouville equations, Theor. Math. Phys. 85 pp.1275–1283
(translated from Russian).
[2] Bagchi B, Lahiri A and Roy P K 1989 Conservation laws, Korteweg–de Vries and sine-Gordon
systems, and the role of supersymmetry, Phys. Rev. D 39 1186.
[3] Bergner Y and Jackiw R 2001 Integrable suspersymmetric fluid mechanics from superstrings, Phys.
Lett. A 284 146-151, http://dx.doi.org/10.1016/S0375-9601(01)00305-X
[4] Bernard D and Leclair A 1990 The fractional supersymmetric sine-Gordon models, Phys. Lett. B
247 pp.309–316.
[5] Cannata F, Ioffe M V and Nishnianidze D N 2002 New methods for the two-dimensional
Schro¨dinger equation: SUSY-separation of variables and shape invariance, J. Phys. A: Math.
Gen. 35 6 1389, http://stacks.iop.org/0305-4470/35/i=6/a=305
[6] de Crombrugghe M and Rittenberg V 1983 Supersymmetric quantum mechanics, Ann. of Phys.
151 99-126, http://dx.doi.org/10.1016/0003-4916(83)90316-0
[7] Henkel M and Unterberger J 2006 Supersymmetric extensions of Schro¨dinger invariance, Nucl.
Phys. B 746 155-201, http://dx.doi.org/10.1016/j.nuclphysb.2006.03.026
[8] Jackiw R and Polychronakos A P 2000 Supersymmetric fluid mechanics, Phys. Rev. D 62 085019,
http://dx.doi.org/10.1103/PhysRevD.62.085019
[9] Labelle P and Mathieu P 1991 A new N = 2 supersymmetric Korteweg-de Vries equation, J.
Math. Phys. 32 923-927, http://dx.doi.org/10.1063/1.529351
[10] Mathieu P 1988 Supersymmetric extension of the Korteweg-de Vries equation, J. Math. Phys. 29
2499-2506, http://dx.doi.org/10.1063/1.528090
[11] Popowicz Z 1997 Integrable system constructed out of two interacting superconformal fields, J.
Phys. A: Math. Gen. 30 22 7935, http://stacks.iop.org/0305-4470/30/i=22/a=027
[12] Tian K and Liu Q P 2009 A supersymmetric Sawada-Kotera equation, Phys. Lett. A 373 1807-
1810, http://dx.doi.org/10.1016/j.physleta.2009.03.039
[13] Grammaticos B, Ramani A and Carstea A S 2001 Bilinearization and soliton solutions of the
N = 1 supersymmetric sine-Gordon equation, J. Phys. A: Math. Gen. 34 4881-4886,
http://stacks.iop.org/0305-4470/34/i=23/a=307
[14] Grundland A M, Hariton A J and Snobl L 2009 Invariant solutions of the supersymmetric sine-
Gordon equation, J. Phys. A: Math Theor. 42 335203,
http://stacks.iop.org/1751-8121/42/i=33/a=335203
[15] Liu Q P and Manas M 1998 Pfaffian solutions for the Manin-Radul-Mathieu SUSY KdV and SUSY
sine-Gordon equations, Phys. Lett. B 436 306-310,
http://dx.doi.org/10.1016/S0370-2693(98)00852-1
[16] Liu Q P and Man˜as M 1998 Darboux Transformations for SUSY Integrable System: in
Supersymmetry and Integrable Systems (2007), Lecture Notes in Physics 502 269-281,
http://dx.doi.org/10.1016/S0370-2693(00)00663-8
[17] Siddiq M, Hassan M and Saleem U 2006 On Darboux transformation of the supersymmetric sine-
Gordon equation, J. Phys. A 39 23 7313-7318,
http://stacks.iop.org/0305-4470/39/i=23/a=010
[18] Di Vecchia P and Ferrara S 1977 Classical solutions in two-dimensional supersymmetric field
theories, Nucl. Phys. B 130 93-104, http://dx.doi.org/10.1016/0550-3213(77)90394-7
[19] Chaichian M and Kulish P P (1978) On the inverse scattering problem and Ba¨cklund
transformations for supersymmetric equations. Phys. Lett. B 78 413-416,
http://dx.doi.org/10.1016/0370-2693(78)90473-2
On integrability aspects of the SUSY sine-Gordon equation 15
[20] Ferrara S, Girardello L and Sciuto S 1978 An infinite set of conservation laws of the supersymmetric
sine-gordon theory, Phys. Lett. B 76 303-306, http://dx.doi.org/10.1016/0370-2693(78)90793-1
[21] Girardello L and Sciuto S 1978 Inverse scattering-like problem for supersymmetric models, Phys.
Lett. B 77 267-269, http://dx.doi.org/10.1016/0370-2693(78)90703-7
[22] Gomes J F, Ymai L H and Zimerman A H 2009 Permutability of Ba¨cklund transformation for
N = 1 supersymmetric sinh-Gordon, Phys. Lett. A 373 1401-1404,
http://dx.doi.org/10.1016/j.physleta.2009.02.033
[23] Sciuto S 1980 Exterior calculus and two-dimensional supersymmetric models, Phys. Lett. B 90
75-80, http://dx.doi.org/10.1016/0370-2693(80)90055-6
[24] Siddiq M and Hassan M 2005 On the linearization of the super sine-Gordon equation, Europhys.
Lett. 70 149-154. http://stacks.iop.org/0295-5075/70/i=2/a=149
[25] Bertrand S and Grundland A M 2016 Supersymmetric versions of the Fokas-Gel’fand formula for
immersion. J. Phys. A: Math. Theor. 49 305201.
http://iopscience.iop.org/1751-8121/49/30/305201
[26] Cornwell J F 1989 Group Theory in Physics, Volume 3 (London, Academic Press).
[27] DeWitt B 1984 Supermanifolds (Cambridge, Cambridge University Press).
[28] Freed D S 1999 Five Lectures on Supersymmetry, AMS, New York.
[29] Varadarajan V S 2011 Reflections on Quanta, Symmetries and Supersymmetries (New York,
Springer).
[30] Coleman S 1975 Quantum sine-Gordon equation as the massive Thirring model, Phys. Rev. D 11
2088, http://dx.doi.org/10.1103/PhysRevD.11.2088
[31] Bertrand S, Grundland A M and Hariton A J 2015 On the Integrability of Supersymmetric
Versions of the Structural Equations for Conformally Parametrized Surfaces. SIGMA. Symmetry,
Integrability and Geometry: Methods and Applications 11 046.
http://dx.doi.org/10.3842/SIGMA.2015.046
[32] Andreev V A and Yu V B 1995 Darboux transformation, positions and general superposition
formula for the sine-Gordon equation, Phys. Lett. A 207 pp.58–66.
[33] Matveev V B and Salle M A 1991 Darboux Transformations and Solitons, Springer Series in
Nonlinear Dynamics, Springer-Verlag, Berlin.
[34] Bertrand S, Grundland A M and Hariton A J 2015 Supersymmetric versions of the equations of
conformally parametrized surfaces. J. Phys. A: Math. Theor. 48 17 175208,
http://stacks.iop.org/1751-8121/48/i=17/a=175208
